Let G0 be a real semisimple Lie group which is acting on a complex flag manifold Z = G/Q of its complexification. Given an Iwasawa decomposition G0 = K0A0N0 , a G0-orbit γ ⊂ Z, and the dual K-orbit κ ⊂ Z, Schubert varieties are studied and a theory of Schubert slices for arbitrary G0-orbits is developed. For this, certain geometric properties of dual pairs (γ, κ) are underlined. Canonical complex analytic slices contained in a given G0-orbit γ which are transversal to the dual K0-orbit γ ∩ κ are constructed and analyzed. Associated algebraic incidence divisors are used to study complex analytic properties of certain cycle domains. In particular, it is shown that the linear cycle space ΩW (D) is a Stein domain which contains the universally defined Iwasawa domain ΩI . When G0 is a group of hermitian type, ΩW (D) is concretely described in terms of the associated bounded symmetric domain.
Introduction
Let G be a connected complex semisimple Lie group and Q a parabolic subgroup, so Z = G/Q is a complex flag manifold. Write g and q for the respective Lie algebras of G and Q. Then Q is the G-normalizer of q, so we can view Z as the set of G-conjugates of q. The correspondence is z ↔ q z where q z is the Lie algebra of the isotropy subgroup Q z of G at z.
Let G 0 be a real form of G, and let g 0 denote its Lie algebra. Thus there is a homomorphism ϕ : G 0 → G such that ϕ(G 0 ) is closed in G and dϕ : g 0 → g is an isomorphism onto a real form of g. This gives the action of G 0 on Z.
For simplicity of exposition we assume that the semisimple Lie algebra g 0 is simple. For in general everything we consider would break up as a product or sum according to the decomposition of g 0 as a direct sum of simple ideals.
It is well known [17] that there are only finitely many G 0 -orbits on Z, so some of them must be open.
Consider a Cartan involution θ of G 0 and extend it as usual to G, g 0 and g. Thus the fixed point set K 0 = G θ 0 is a maximal compactly embedded subgroup of G 0 and K = G θ is its complexification. This leads to Iwasawa decompositions G 0 = K 0 A 0 N 0 .
By Iwasawa-Borel subgroup of G we mean a Borel subgroup B ⊂ G such that ϕ(A 0 N 0 ) ⊂ B for some Iwasawa G 0 = K 0 A 0 N 0 . Those are the Borel subgroups of the form B = B M AN where N is the complexification of N 0 , A is the complexification of A 0 , M = Z K (A) is the complexification of M 0 , and B M is a Borel subgroup of M . Since any two Iwasawa decompositions of G 0 are G 0 -conjugate, and any two Borel subgroups of M are M 0 -conjugate because ϕ(M 0 ) is compact, we have that any two Iwasawa-Borel subgroups of G are G 0 -conjugate.
Given an Iwasawa-Borel subgroup B ⊂ G, we study the Schubert varieties S = cℓ(O) ⊂ Z where O is a B-orbit on Z. We extend the theory [11] of Schubert slices from the open G 0 -orbits to arbitrary G 0 -orbits. In particular we show that the corresponding Schubert domain Ω S (D) for an open G 0 -orbit D ⊂ Z is equal to the linear cycle space Ω W (D) considered in [18] . That yields a direct proof that the Ω W (D) are Stein manifolds. Another consequence is one of the two key containments for the complete description [21] of linear cycle spaces when G 0 is of hermitian type.
Duality
We will need a refinement of Matsuki's (G 0 , K)-orbit duality [15] . Write Orb(G 0 ) for the set of G 0 -orbits in Z, and similarly write Orb(K) for the set of all K-orbits.
Moreover, if (γ, κ) is dual, then the intersection γ ∩ κ is transversal: if z ∈ γ ∩ κ, then the real tangent spaces satisfy
We will also need a certain "non-isolation" property:
The basic duality (1.1) is in [15] , and the refinements (1.2) and (1.3) are given by the moment map approach ( [16] , [6] ). See [6, Corollary 7.2 and §9].
The non-isolation property (1.4) is implicitly contained in the moment map considerations of [16] and [6] . Following [6] , the two essential ingredients are the following.
1. Endow Z with a G u -invariant Kähler metric, e.g. from the negative of the Killing form of g u . Here G u is the compact real form of G denoted U in [6] . The K 0 -invariant gradient field ∇f + of the norm function f + := µ K0 2 of the moment map for the K 0 -action on Z, determined by the G u -invariant metric, is tangent to both the G 0 -and K-orbits. If the pair does not satisfy duality, p ∈ γ ∩ κ, g = g(t) is the 1-parameter group associated to ∇f + and ǫ > 0 is sufficiently small, then
is the desired submanifold. For this it is only important to note that ∇f + does not vanish along, and is nowhere tangent to, K 0 (p). That completes the argument.
Dual pairs have a retraction property, which we prove using the moment map approach.
Proof. We use the notation of [6, §9] . If φ(t, x) is the flow of ∇f + , then it follows that, if x ∈ γ and t > 0, then φ(t, x) ∈ γ. Furthermore, the limiting set π
The Mostow fibration of γ is a K 0 -equivariant vector bundle with total space γ and base space that is a minimal K 0 -orbit in γ. In other words the base space is K 0 (z 0 ). Any such vector bundle is K 0 -equivariantly retractable to its 0-section. We may take that 0-section to be K 0 (z 0 ). Then we define the Schubert domain Ω S (D):
Incidence divisors associated to Schubert varieties
See [12, §6] and [11] . The Schubert domain Ω S (D) is G 0 -invariant by construction.
In order to prove that Ω S (D) is Stein, it suffices to show that it is contained in a Stein subdomain Ω of Ω. For then, given a boundary point p ∈ bd(Ω S (D)) inΩ, it will be contained in a complex hypersurface H that is equal to or a limit of incidence divisors H Y . Now H ∩Ω is in the complement of D and will be the polar set of a meromorphic function on Ω. So Ω S (D) will be a domain of holomorphy in the Stein subdomain Ω, and will therefore be Stein.
There are three possibilities for Ω. In a few rare cases [19] , G 0 is transitive on Z, so C 0 = Z, Ω is reduced to a point, and Ω S (D) is Stein in a trivial way. Now suppose D Z. Then either Ω is a compact hermitian symmetric space G/KP − or, up to finite covering, Ω is the affine variety G/K. See [18] . In the latter case Ω is Stein, so Ω S (D) is Stein. Now we are down to 
Schubert varieties associated to dual pairs
Fix an Iwasawa decomposition G 0 = K 0 A 0 N 0 . Let B be a corresponding Iwasawa-Borel subgroup of G, in other words A 0 N 0 ⊂ B. Fix a K-orbit κ on Z and let S κ denote the set of all Schubert varieties S defined by B (that is, S is the closure of a B-orbit on Z) such that dim S +dim κ = dim Z and S ∩ cℓ(κ) = ∅. The Schubert varieties generate the integral homology of Z, so S κ is determined by the topological class of cℓ(κ).
Then the following hold for every S ∈ S κ .
where S = cℓ(O), and S is transversal to κ at w in the sense that the real tangent spaces satisfy
Proof. Let w ∈ S ∩ cℓ(κ). Since g = k + a + n, complexification of the Lie algebra version
If w were not in κ, this inequality would be strict, in violation of the above additivity of the dimensions of the tangent spaces. Thus w ∈ κ and T w (S) + T w (κ) = T w (Z).
We have already seen that K(w) is open in κ, forcing K(w) = κ. For assertion 1 it remains only to show that S ∩ κ is contained in γ and is finite. Denote γ = G 0 (w). If γ = γ, then ( γ, κ) is not dual, but γ ∩ κ is nonempty because it contains w. By the non-isolation property (1.4), we have a locally closed
As that intersection is transversal at w, it is finite. This completes the proof of assertion 1.
We have seen that
, and G 0 (w) = γ. With the characterization (1.2) and the transversality conditions (1.3) for duality we have dim
. Using (1.3), every such A 0 N 0 -orbit has dimension at least that of Σ = A 0 N 0 (w). Since the orbits on the boundary of Σ in γ would necessarily be smaller, it follows that Σ is closed in γ. This completes the proof of assertion 2.
Since K 0 is compact and γ is dense in cℓ(γ), assertion 3 follows. Proof. We refer to an orbit γ = G 0 (p) in bd(D) as isolated if it is not in the closure of any other orbit in bd(D). If γ is such an orbit then κ ∩ D = ∅ because the intersection γ ∩ κ with its dual is transversal. As C 0 is a minimal K 0 -orbit in D now dim κ > q. Consequently, a Schubert variety S ∈ S κ has codimension ≧ q + 1 in Z.
We remain in the case of an isolated boundary orbit γ with S ∈ S κ as above. Then we have p ∈ S ⊂ Z \ D. If codim S = q + 1 let Y = S. Otherwise, let S ′ be any B-Schubert variety that properly contains S. S ′ has lower codimension but that codimension is still ≧ q + 1. That is the recursive step. The recursion produces a B-Schubert variety Y ⊃ S of complex codimension q + 1 in Z.
Now dim C C 0 = q and codim
On the other hand, using Theorem 3.1, it meets every G 0 -orbit in cl(γ). Thus, by conjugating appropriately, we have the desired result for any point in the closure of γ. Since γ was chosen to be an arbitrary isolated orbit in bd(D), the result follows for every point of bd(D).
is the base cycle in D. As in [17] we define the cycle space
where the topology and complex analytic structure on Ω = {gC 0 | g ∈ G} can be seen from its natural identification with the complex homogeneous space G/{g ∈ G | gC 0 = C 0 }. 
Intersection properties of Schubert slices
Let (γ, κ) be a dual pair and z 0 ∈ γ ∩ κ. Let Σ be the Schubert slice at z 0 , i.e. Σ = A 0 N 0 (z 0 ). In particular z 0 ∈ Σ ∩ γ ∩ κ. We take a close look at the intersection set Σ ∩ γ ∩ κ.
Let L 0 denote the isotropy subgroup (G 0 ) z0 , so the isotropy subgroups (
Thus the orbit of the neutral point under the action of the compact group (K 0 ) z0 is the union of certain components of
The injectivity of α follows from the fact that G 0 is the topological product G 0 = K 0 × (A 0 N 0 ). This product structure also yields the fact that (K 0 ) z0 (m) is transversal to (A 0 N 0 ) z0 at every m ∈ (A 0 N 0 ) z0 . Thus, α is a local diffeomorphism along (A 0 N 0 ) z0 and by equivariance is therefore a diffeomorphism onto its image. Proof. If z 1 ∈ Σ ∩ γ ∩ κ, then there exists k ∈ K 0 and an ∈ A 0 N 0 so that k −1 (z 0 ) = (an)(z 0 ), i.e., kan ∈ L 0 . Therefore k ∈ (K 0 ) z0 , an ∈ (A 0 N 0 ) z0 , and z 1 = z 0 . [13] . If z 0 ∈ C 0 ⊂ D, the only (K 0 ) z0 -invariant line in P 2 (C) that contains z 0 and is not contained in C 0 is the line determined by z 0 and the K 0 -fixed point in B.
The domains Ω I and Ω AG
The Schubert domain Ω S (D) is defined as a certain subspace of the cycle space Ω. When G 0 is of hermitian type and Ω is the associated compact hermitian symmetric space, the situation is completely understood [18] ; there Ω W (D) is the bounded symmetric domain dual to Ω in the sense of symmetric spaces. Now we put that case aside. Then Ω ∼ = G/J where J = {g ∈ G | gC 0 = C 0 } has identity component K and J/K is finite. This is rather inconvenient because we want all our domains in the same place, for comparison and various other reasons. Thus we "redefine" Ω, replacing gC 0 ≃ gJ by gK, and we view Ω (up to finite cover which will not cause problems) as G/K. This done, we view 
The Iwasawa domain has been studied by several authors from a completely different viewpoint and with completely different definitions. See [2] , [3] , [5] , [8] and [14] . Here is the definition in [2] . Let X 0 be the closed G 0 -orbit in G/B and let O max be the open K-orbit there. The polar of X 0 is the connected component of 1.K in Proof. Let π : G → G/K = Ω denote the projection. As S is the complement of B · K in Ω,
Viewing 1B as the base point in X 0 , the condition (5.5) for hK is that h −1 G 0 B ⊂ KB = KAN . Thus h ∈ I ⇔ hK ∈ X 0 , in other
is closed in Ω and X 0 = Ω I .
Corollary 5.7
The polar X 0 to the closed G 0 -orbit X 0 is a Stein subdomain of Ω.
Remark 5.8 The rather formal proof of Theorem 5.6 has an interesting consequence: g∈G0 g(S)
is closed in Ω. Note also that, in the notation of [8] , Ω I = X 0 is the cycle space of the closed G 0 -orbit X 0 in G/B . Putting this together with the inclusion in 5.3, it follows that C = Ω I in the case of Z = G/B (see [8, Proposition 8.3] ).
Now we turn to the domain Ω AG . The Cartan involution θ of g 0 defines the usual Cartan decomposition g 0 = k 0 + p 0 and the compact real form g u = k 0 + √ −1 p 0 of g. Let G u be the corresponding compact real form of G, real-analytic subgroup for g u , acting on Ω = G/K. Denote ω = {x ∈ Ω | the isotropy subgroup (G 0 ) x is compactly embedded}.
Then 1K ∈ ω ⊂ G u (1K). The Akhiezer-Gindikin domain is
It is important to note that the action of G 0 on Ω AG is proper [1] .
In work related to automorphic forms ( [5] , [14] ) it was shown that Ω AG ⊂ X 0 when G 0 is a classical group. Other related results were proved in [8] .
By means of an identification of X 0 with a certain maximal domain Ω adpt for the adapted complex structure inside the real tangent bundle of G 0 /K 0 , and using basic properties of plurisubharmonic functions, it was shown by the first author that Ω AG ⊂ Ω I in complete generality [11] . Barchini proved the opposite inclusion in [2] . Thus Ω AG = Ω I . In view of Theorem 5.6, now, we have Theorem 5.10 Ω I = X 0 = Ω AG .
Remark 5.11
In particular, this gives yet another proof that Ω AG is Stein. That result was first proved in [7] where a plurisubharmonic exhaustion function was constructed. 
Groups of hermitian type
Let G 0 be of hermitian type. Write B for the bounded symmetric domain G 0 /K 0 with a fixed choice of invariant complex structure. Drop the colocation convention leading to (5.1), so that now the cycle space Ω W (D) really consists of cycles as in [18] and [20] . It has been conjectured (see [20] ) that, whenever D is an open G 0 -orbit in a complex flag manifold Z = G/Q, there are just two possibilities:
1. A certain double fibration (see [20] ) is holomorphic, and Ω W (D) is biholomorphic either to B or to B, or The first case is known ( [18] , [20] ), and the second case has already been checked [20] in the cases where G 0 is a classical group. The inclusion Ω W (D) ⊂ B × B was proved in general ( [20] , [21] ). It is also known [7] Now we have proved the following result. (Also see [21] .) Theorem 6.2 Let G 0 be a simple noncompact group of hermitian type. Then either (1) a certain double fibration (see [20] ) is holomorphic, and Ω W (D) is biholomorphic to B or to B, or (2) Ω = G/K and Ω W (D) = Ω S (D) = Ω I = Ω AG = (B × B).
